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A Variational Principle of Steady-State Transport Processes

C. F. Wang*
University of Pitisburgh, Pittsburgh, Pa.

A variational principle of steady-state transport processes has been derived from a basic
inequality in the macroscopic theory of nonequilibrium thermodynamics. The extremum
property of a variational integral & is established from the stability of steady state, and the
existence of & is discussed from the integrability of a Pfaffian differential equation. The ex-
tremum principle presented here may be called the principle of minimum thermokinetic
potential and may be regarded as the generalization of the principle of minimum entropy

production for the case of nonlinear fluxes.

problem has been given as an example.

I. Introduction

N 1954, Glansdorfl and Prigogine had derived a general

evolution eriterion applicable to the whole range of
macroscopic physics.? Specifically, they have shown the
validity of the following fundamental inequality:

SvdV]-dX; <0 Q)

for a natural dissipative process in a continuous medium with
time-independent boundary conditions. Here J; is the vec-
torial flux of a conservative variable a; and dX; is the time
variation of the corresponding thermodynamic force X;? and
the repeated subseripts ¢ imply the summation consists of all
the independent fluxes and forces within the system and at
the boundary.

The inequality essentially states that the irreversible
changes of a system along a time evolutional path must be
such that the thermodynamic forces X; decrease by virtue
of the fluxes J; induced by them and may be regarded as the
stability requirement of all irreversible processes. In fact,
it can be shown?® that it is a direct consequence of the second
law inequality being applied to a local volume element in a
nonequilibrium system, assuming that the local state is
stable.

In an analogous manner one defines the entropy function
in the theory of equilibrium thermodynamics?; the relation-
ship in (1) may be used to define a state functional ' when
the following is a total differential:

dF = fvdV].-dX; @)

Obviously, when F exists, it defines an entropylike functional,
and may be expected to play a role similar to that of the en-
tropy funetion S in the theory of equilibrium thermodynamies.

Much has been written® on the physical interpretations
and the mathematical implications of this inequality since
Glansdorff and Prigogine first published their paper in 1954.
Among these, one of the most fruitful results is the use of the
inequality to formulate a variational principle for steady-
state transport processes. However, in most of the previous
works, the existence of a variational principle was drawn di-
rectly from the monotone behavior of F and no derivation
was given to show that the variation of ¥ in the neighborhood
of steady states is, in fact, positive definite. In other words,
the validity of the inequality

JvdV];-6X: > 0 3

has not been shown explicitly.
In what follows, we shall attempt to construct Glansdorff
and Prigogine’s inequality directly from the basic postulate

Received March 25, 1969; revision received June 24, 1969.
* Assistant Professor, Department of Civil Engineering.

For illustration, a simple heat-conduction

of irreversible thermodynamics, namely the principle of local
stable equilibrium. The inequality will then be used to
derive a variational principle of steady-state transport
processes. The existence of the potential will also be ex-
amined from the viewpoint of the integrability of a Pfaffian
differential equation. As an example, a simple heat-con-
duction problem has been given to illustrate the implication
of the inequality.

II. Stability of Steady State

For the derivation of the universal evolutional criterion, it
is only necessary to postulate the validity of the principle of
local stable equilibrium. In other words, the thermodynamie
functions for a small local element in a nonequilibrium system
will be represented by the same functions of the state variables
as those of the corresponding equilibrium system. Thus,
for a typical nonequilibrium system, one may write the
fundamental relation associated with a local entropy S, per
unit volume, as

dS = P.da; )

where a; are the conservative variables per unit volume, and
P; are the corresponding thermodynamic functions

P;=028/0a; = 8, ®)

Consequently, in a local volume element of a nonequilib-
rium system, the entropy maximum principle implies that
for local equilibrium

dS =0 (6)
and for stability
28 <0 (7

or, stated equivalently, the matrix S, ;; is negative semidefinite.
Now consider a nonequilibrium system deseribed by the
following set of partial differential equations:

dai/ot +V-Ji=0,i=12 ...,n )

_ By virtue of (5) and (8), the rate of entropy production
Sy in a continuous system of volume V can be written as

Sy = SvdV]:-X; )

where J: is the vectional flux of a conservative quantity a:
and X; is the generalized force defined by

X = VS, (10)

Within the scope of the foregoing assumptions, one can
show that the inequality

JvdV]):-dX: <0 (11)
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is valid for a natural dissipative process with time stationary
boundary conditions.

This is done first by substituting the time variation of X;
into (10), and then rewriting the expression by means of the
divergence theorem;

JvdVI:-d(VS,) = fvdV]:-VS yda; =
"'deVv‘JiS,ijdaj + fAdAn'JiS,ijdai (12)

It is evident that for stationary boundary conditions,
namely da; = 0 on the boundary surface A, the contribution
due to the surface integral in the previous quantity is zero,
and the expression may be reduced to the form

_deVS‘ijV -L-daj (13)
or by means of (8)
JvdVS,;;(0a./0t)da; (14)

The foregoing quantity may be regarded as the differential
of a functional F. Suppose that the differential form dF
along a time evolution path of a dynamie trajectory is de-
fined in the space of # + 1 coordinates (a1,as, . . . , @45t); then
it is possible to define the time derivative of the function
F(t) by

F(t) = fvdVS, said; < 0 (15)
or
dF = deVS'ijdidaj S 0

where d;, ¢ = 1,2, ..., n are the total derivative of a; with
respect to time. Since F () is a quadratic function of d;, the
inequality is proved in view of (7).

Integrating Eq. (15) along the time path, one obtains

F@) = f ‘Fydt + () (16)

where ¢, is the initial instant of the nonequilibrium state
It follows from (15) that

Flt) 2 Ft) = ... 2 F(la) 17)

for
h<th<...<ls

Hence, F(f) decreases monotonically with respect to increas-
ing time and must eventually reach the minimum value F ({.)
as the system evolves to its steady state a*. Obviously, the
evolutional criterion stated in (15) is a direct consequence
of the principle of local stable equilibrium and may be re-
garded as an alternative postulate in the theory of non-
equihbrium thermodynamics.

It is worth noting here that F(f) is closely related to the
familiar concept of Liapunor function in the stability theory
of differential equations.® If one defines a Liapunor function

vy = [ Foi >0 (18)

for the set of partial differential equations in (9), stability of
the steady-state solution a;* that satisfies

V-I*=20 19
can be determined by observing the signs of V(¢) and V).
Since V(f) is positive semidefinite and V() is negative semi-
definite for all motions defined by (9), one may easily con-

clude that all irreversible processes that are governed by the
evolutional eriterion (15) must possess a stable steady state.

II1. Variational Principle of Stable Steady State

Since the definition of the universal criterion (15) is an-
alogous to that of the second law inequality in the theory of
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equilibrium thermodynamics, one may proceed to establish s
variational principle for the steady state that corresponds
to the entropy maximum principle in the equilibrium case.
In specific, it will be shown that if the steady state is stable,
then there exists a functional & of the conservative Varlables
a; that has an absolute minimum at the steady state a;* with
respect to all admissible varied states a,.
Suppose that

ai = a;* + 8a;in V (20)

where the variation da; is taken in time frozen state, then
the first variation of F may be formed as

OF = [vdV[S, s — S,¥d:*d;*] =
SyadV (S, ia:%6d; + S,50;%8d:] +
JvdV8,;64:80; + Svd VS, in*a:%a;%0a,  (21)
When the process is at the steady state, d;* identically

vanishes, and in view of the conservative law of the per-
turbed state variables

6d; +V-J; =0 (22)
(21) can be written as
8F = fydVS,ydadd; = —frdVS,V-Jibd; <0 (23)

where the inequality is the consequence of the stable steady
state.

Integrating (23) with respect to time and observing that
the variation of the initial state is da; and the variation of
the finial state da;* is zero, one obtains

- j‘omfv AVS,.iV-Jidddt = — fv dV8,iV-J: X
(6a;* — bay) = fV dVS,;V-Jba; <0 (24)

Now one may define the thermokinetic potential ® of the
steady state by

= ~fvdV8,:V-J:ba; > 0 25)

This is exactly the desired extremum property of the steady
state. By means of (10), and the divergence theorem, (25)
can be rewritten as

&P = deVJi'VS,ijaaj —_ fAdAn-JiS,ﬁBaj =
JvdV]:-8X; >0 (26)

where the surface integral vanishes due to éa; = 0 on A.

Although the variational principle obtained here is identical
to the one stated in the previous papers,®’ the introduction of
two functionals  and ® here enable one to derive the inequali-
ties (15) and (29) from separate mathematical considerations
and, at the same time, to distinguish the funetional char-
acteristics between the universal evolution criterion [Eq-
(15)], which is valid for all dissipative processes along a time
evolutional path, and the minimum thermokinetic potential
(26) which is only valid for a process in steady states.

IV. Integrability of Thermokinetic
Potential

Suppose P exists and it can be expressed as
& = frL(u,uw, ..., u)dV @7)

where uy,us, . . . , U, are functions of the space variables de-
fined in the sense of the variational calculus and L is the
Lagrangian density function; then the first variation of ®
gives

0 = fyéldV = 0 28)
or

oL = (QL/dus)du; = 0 (29)
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According to a well-known theorem on the integrability of
the Pfaffian differential equation, a Pfaffian form of

gidu; = 0 (30)
is integrable if, and only if,
Ogi/Ou; = 0g;/du: 4, = 1,...,m 1 %] (31)

are satisfied.

The conditions on the integrability of (26) are thus specified
by the n{n — 1)/2 relationships in (31). Obviously, when the
fluxes J; are functions of the thermodynamics forces X;,

Ji = LX; (32)

Equation (31) may be seen to be equivalent to the Onsager’s
reciprocal relationship, i.e.,

Li = Ly 33)

However, if the phenomenological coefficients L;; are also
explicit functions of the state variables a;, as it is in the case
of heat conduction, the previous conditions (33) are no longer
sufficient. To examine this case, it is convenient to express
the relationship in (26) in terms of a;, and the conditions in
(31) now become

(0/0a:) [J1-V8 151 = (0/00,) [Jx- V8, 1:]
or
Jk,i'VS,kj = Jk,j'VS,ki (34)

Again, if one assumes that the fluxes Ji can be written as
(32), but now the phenomenological coefficients L. are
funetions of a; and X;, then (34) can be expressed as

Dai + sz

'VSz_i‘J-VS,kj =

baj T oX;

[OLM aLkm'VS,lj]'VS,ki (35)

The mathematical implications of the previous relationship
for the general case are difficult to judge, but it is obvious that
this again expresses a reciprocal relationship similar to that
of (33). When L;, are independent of a;, then (35) reduces
directly to (34).

Since the phenomenological coefficient L;; is an experi-
mentally determined quantity, the n{n — 1)/2 conditions
in Eq. (81), in general, will not be met, and the thermo-
kinetic potential cannot be found. However, for most practi-
cal purposes, it is often sufficient to replace the nonlinear
flux J; by the following form:

Ji = L;*X; (36)

where the L;;* is evaluated at the steady state, then to in-
tegrate the functional ® in the neighborhood of the steady

state to obtain
@ = LfvdVL;*X;-X; (37)

This functional ®° is positive definite and vanishes identi-
cally at the steady state, and thus may be used to represent
the true potential in the neighborhood of the steady state.
®°has been given the name of the local potential by Glansdorff
and Prigogine.8 It is worth noting here that by taking the
variation of ®°, one does not arrive at the steady-state equa-
tion directly. Instead, one obtains

B‘I‘o = deVL,J*XL6X] = 0
or

Obviously, Eq. (30) does not reduce to the Euler-Lagrange
equation of (26)

V- LX) = 0 39)
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In order to remove such an inconsistency, Prigogine has
introduced a subsidiary condition

a; = a;* (40)

so that (38) may be brought back to the form of (39) by
means of (40). This is known as the self-consistent vari-
ational technique. Although the previous approach enables
one to treat a large class of nonlinear problems by the method
of local potential, the mathematical implication on the self-
consistent technique and the conditions on convergence have
not been stated correctly in the previous work.

The validity of the self-consistent technique and the precise
definition of the local potential can be shown in the following
manner. First, expand the nonlinear flux J; in terms of X,
then define the linearized flux J'; by

Vi = T+ QJ/0K)(X; — X,9) (41)

According to Kalaba,!! J; may be replaced by the maximiza-
tion of J'; over X%, a.°= a, if J; is a convex function of X;;

I = 1\%ﬂ;}\’[]'i] =J:+ P (42)
where P, is a positive function of X..
Substituting (42) into (26), the variation of ® becomes
0 = f VdV[N%xJ’i]-BXi (43)
We now define the local potential &’ as the variational
integral of the following equation:
8% = [fvdV]':-0X; (44)
Equation (43) may be written as
0% = 60’ + frvdVP;-0X,
or

& = Maxd'(X,X%) > &'(X,X?) (45)
Xo

Consequently,
68 = 6[Maxd’] = Max[6®'] (46)
Xo Xo

if the maximum and the variational operations are assumed
to be interchangeable.!%-!? Since the local potential ®’ gives
a lower bound for the functional ®, the previous scheme may
be used to compute approximate solutions whose convergence
is now insured by (46).

For example, if L,; are functions of the state variables only,
then

Yi= L% + Li,*X; — X,
and ®’ becomes
58’ = fydVL,X:0K;
8[4f¥dV LK~ X;]

This is exactly the form of the local potential given in (87).
When L;; are functions of the thermodynamic forces and
state variables,

J'i = L% + QLu/ XXX, — X9
and
& = LfvdVLK:X; +
1.4V (QLat/0X)X0(X: — X0+ (X5 — X;9)

The form of ® now differs from that of the local potential
defined by Prigogine. We shall illustrate these two cases in
the example given in the next section.
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V. Steady-State Heat Conduction

For the case of a simple heat-conduction problem, the only
conservative variable of interest is the internal energy E (per
unit volume), and the corresponding functions in Eq. (26)
can be readily found as

028 /OE? = —1/cpT?
8E = cpdT
0E = —V-J (47)
and
= —)o 0T /O%a, a0 = 1,2,3

where ¢ is the specific heat and p is the density of the volume
element, and %, is the thermal conductivity in the z, direc-
tion. Now, substituting the corresponding expressions of
(47) into (25), one obtains the following variational form:

80 = —fvdV(1/T?%(0/0w,) (ko 0T /02)8T = 0 (48)

It is readily seen that the foregoing expression directly leads
to the Euler-Lagrange equation of a steady-state heat-
conduction problem

(0/024) (k0T /0z4) = 0 (49)

when T is specified on the boundary surface A.
In order to derive the local potential, it is more convenient
to use the alternative form of (48);

8% = fydV(ka/T" QT /0x4)0(0T /Ox,) (50)
When k, are functions of T', we obtain
B = P = Lfvk,[(1/To) QT /0x,)12dV (51)
Set the first variation of $° equal to zero, we have
(0/024) [ka®T /Oz,] = 0

The Euler-Lagrange equation of (51) is apparently different
from that of (49). Since the local potential is equivalent
to one-half of the entropy produection, it is obvious that the
direct minimization of ®° or the entropy production does not
lead to a true extremum principle.>” For the case of a
simple heat-conduction problem, the true thermokinetic
potential ® may be constructed as follows. First, multiply

an integration factor g = 2k,T? to the integrand of Eq. (48);

then,
00 = —2fvdV (0/0xs) (kT /dxa)kadT

Now suppose that the heat conductivity %, is a function of
temperature only, and T is fixed on A; then,

6 = 2f5dVE, (0T /02)0(kadT /0% )
and ® becomes
D = [rdV(kEdT/02,)? = fvdV (ko TRT1/0X )% (52)

It is easy to verify that the minimization of ® indeed leads to
the steady-state equation in (49).

When %k, are functions of 0I/dz,, quasi-linedrization of
(50) gives

50" = fvdV (1/To?) (ka®®T/0,) 00T /D0 +
SvdV(1/T?) (k' D T0/0%2) QT /00 ~ dT0/a) 00T [t
Thus,
& = 1fvdV(ka®/To®) QT /012)% +
1AV (K o/ To2) (QTo/02a) @T/0z0 — OTo/dza)? (53)
The variation of &’ yields

be] oTy\ oT e 3T, \2
— 0 !’ = | = = ’
A%y [(ka ke e ) bxa] s I:k « (axa ) :I (54)
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If the maximization T = Ty is applied to (54), it reduces
directly to (49).

A true thermokinetic potential for ko = ko® -+ &'o07T/0z,,
where k,°, k', are constants, can be obtained if we take
g = T? Equation (48) now becomes

0P = —fvdV(0/0x4) (kaOT/014)6T

and
® = JrdV [(ko2/2) QT /01a)? + (k'a/3)(dT/074)3] (55)

The similarity between the two expressions in (53) and (55)
again can easily be observed.

The method of local potential is, in fact, equivalent to the
Newton-Raphson technique applied to variational equations.
It differs from the direct linearization of (49) in that the itera-
tive solutions converge monotonically to the true solution and
it thus provides a more efficient computation scheme.

VI. Conclusion

We have presented a variational principle of steady-state
transport process based on a basic inequality in the theory
of nonequilibrium thermodynamics. The emphasis has
been placed on the formulation of a true extremum prin-
ciple which is valid even if the fluxes are nonlinear funetions
of thermodynamics forces and state variables. It is shown
that the rate of entropy production in fact corresponds to the
local representation of the thermokinetic potential, and that
the principle of minimum entropy production is valid only
if the Onsager’s coefficients are constants. The so-called
self-consistent variational technique for local potential is
examined from the viewpoint of Min-Max operation, and
the iteration scheme by means of local potential is shown to
be equivalent to the Newton-Raphson technique applied to
the universal criterion. A simple heat-conduction problem
is used to illustrate the correct derivations of the local po-
tentials when the thermoconductivities are either functions
of temperature or the gradients of temperature.
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